Pseudonorms on direct images of pluricanonical bundles by Inayama, Takahiro
ar
X
iv
:1
91
0.
05
77
1v
1 
 [m
ath
.C
V]
  1
3 O
ct 
20
19
PSEUDONORMS ON DIRECT IMAGES OF PLURICANONICAL
BUNDLES
TAKAHIRO INAYAMA
Abstract. We study pseudonorms on pluricanonical bundles over Stein manifolds. We
prove that the pseudonorms determine holomorphic structures of Stein manifolds under
certain assumptions. This theorem is a generalization of the result obtained by Deng, Wang,
Zhang, and Zhou for bounded domains in Cn. We also investigate Stein morphisms and the
pseudonorms on direct images of pluricanonical bundles. Our main goal in this paper is to
show that the pseudonorms also determine holomorphic structures of Stein morphisms. One
important technique is an L2/m-variant of the Ohsawa-Takegoshi extension theorem.
1. Introduction
The space of holomorphic functions with finite Lp-norm Ap(Ω) on a bounded domain Ω,
or the m-pluricanonical space H0(X,mKX) for a complex manifold X plays an important
role in understanding its geometric property. Initially, Royden proved that if H0(C, 2KC) is
isomorphic to H0(C ′, 2KC′) with respect to the canonical norm for compact Riemann surfaces
C,C ′ of genus g ≥ 2, then C is isomorphic to C ′ [Roy71]. There are many other generalized
results obtained by Markovic [Mar03] for more general classes of Riemann surfaces, by Chi
and Yau for projective manifolds of general type [Ch16], [CY08], and by Deng, Wang, Zhang,
and Zhou for bounded hyperconvex domains in Cn [DWZZ19]. In any case, the pseudonorm,
called Lp-norm or L2/m-norm, plays an essential role. These kinds of programs are often
called Yau’s pseudonorm projects (cf. [CY08]).
In this paper, we study a relatively compact hyperconvex domain in a Stein manifold
X ⋐ X˜ . We prove that the space of pluricanonical forms with pseudonorms determines a
holomorphic structure of the base space. To be precise, we obtain the following theorem.
Theorem 1.1. Let X˜ be an n-dimensional Stein manifold, and Y˜ be an l-dimensional
Stein manifold. We also let X ⋐ X˜ and Y ⋐ Y˜ be relatively compact hyperconvex domains.
Assume that there exist m ≥ 2 and a linear isometry
T : A(X,mKX) −→ A(Y,mKY )
such that ∫
X
|u ∧ u|1/m =
∫
Y
|Tu ∧ Tu|1/m
1
for all u ∈ A(X,mKX). Here we define the space A(X,mKX) as
A(X,mKX) := {u ∈ H0(X,mKX) |
∫
X
|u ∧ u|1/m < +∞},
and
|u ∧ u|1/m := (√−1mn
2
u ∧ u)1/m
for any u ∈ H0(X,mKX) (see Definition 2.1).
Then we have that n = l, and there exists a unique biholomorphic map
F : X −→ Y
satisfying the following equation
|u(z) ∧ u(z)|1/m = |F ⋆(Tu)(z) ∧ F ⋆(Tu)(z)|1/m
for z ∈ X and u ∈ A(X,mKX).
We call a relatively compact domain D in a Stein manifold X˜ hyperconvex if there exists
a negative plurisubharmonic function ϕ on D such that the set {ϕ < c} is relatively compact
in D for every c < 0. We can easily see that a hyperconvex domain in Cn is pseudoconvex.
We do not have a complete converse. However, many pseudoconvex domains become hyper-
convex. For instance, it was proved that a pseudoconvex domain with Lipschitz boundary is
hyperconvex [Dem87].
Theorem 1.1 is a natural generalization of the theorem obtained by Deng, Wang, Zhang,
and Zhou [DWZZ19] for bounded domains in Cn. For any point in Stein manifold, there
exist global holomorphic functions that define a coordinate around this point. By using this
property, we can apply local results obtained by them to Stein cases.
We also investigate Stein manifolds fibered over a complex manifold T with dim T = r.
Here we recall a notion of a Stein morphism. Let X˜ be an r+n-dimensional complex manifold
and f : X˜ → T be a holomorphic map. In this paper, we say that f is a Stein morphism if
f is a surjective submersive map with connected fibers, and for any point t ∈ T , there exists
an open neighborhood U ⊂ T of t such that f−1(U) is a Stein manifold. Then we introduce
a notion of a relatively compact Stein morphism.
Definition 1.2. Let f˜ : X˜ → T be a Stein morphism over T , and X ⊂ X˜ be an open
submanifold in X˜. We call f := f˜ |X : X → T a relatively compact Stein morphism of X˜ if
the following conditions are satisfied:
(i) The map f is a Stein morphism in the above sense.
(ii) For each t ∈ T , Xt := f−1(t) is a relatively compact domain in X˜t := f˜−1(t).
In this setting, we prove the following theorem.
Theorem 1.3. Let f˜ : X˜ → B and g˜ : Y˜ → B be Stein morphisms over the open unit
ball B ⊂ Cr with dim X˜ = r + n and dim Y˜ = r + l. Suppose that f = (f1, · · · , fr) : X → B
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and g = (g1, · · · , gr) : Y → B are relatively compact Stein morphisms of f˜ : X˜ → B and
g˜ : Y˜ → B, respectively. Assume that there exists m ≥ 2 such that
(i) Xt := f
−1(t) and Yt := g
−1(t) are hyperconvex, and
(ii) there exists a linear isomorphism
T : A(X,mKX) −→ A(Y,mKY )
such that
(1.1)
∫
Xt
|Ut ∧ Ut|1/m =
∫
Yt
|(TU)t ∧ (TU)t|1/m
for any U ∈ A(X,mKX) and t ∈ B, where Ut ∈ H0(Xt, mKXt) and (TU)t ∈ H0(Yt, mKYt)
are uniquely determined m-canonical forms such that
U |Xt = Ut ∧ (df1 ∧ · · · ∧ dfr)⊗m, TU |Yt = (TU)t ∧ (dg1 ∧ · · · ∧ dgr)⊗m.
The equation (1.1) includes the case +∞ = +∞.
Then we have that T induces linear isometries Tt : A(Xt, mKXt) → A(Yt, mKYt), n = l,
and there exists a unique biholomorphic map F : X → Y such that f = g ◦ F and the
following equation is satisfied
|u(z) ∧ u(z)|1/m = |F ⋆t (Ttu)(z) ∧ F ⋆t (Ttu)(z)|1/m
for t ∈ B, z ∈ Xt, and u ∈ A(Xt, mKXt), where Ft := F |Xt : Xt → Yt is a well-defined
biholomorphic map.
The fiberwise uniqueness of F implies the following theorem in the global setting.
Theorem 1.4. Let X˜ and Y˜ be complex manifolds with dim X˜ = r+n and dim Y˜ = r+ l,
and f˜ : X˜ → T and g˜ : Y˜ → T be Stein morphisms over an r-dimensional complex manifold
T . Suppose that f : X → T and g : Y → T are relatively compact Stein morphisms of f˜ and
g˜, respectively. Assume that there exists m ≥ 2 such that
(i) Xt and Yt are hyperconvex, and
(ii) there exists an isomorphism of sheaves
T : f⋆(mKX)→ g⋆(mKY )
which satisfies the following conditions:
For any open set D ⊂ T , there is a linear isomorphism
TD : H
0(f−1(D), mKX)→ H0(g−1(D), mKY )
such that
(1.2)
∫
Xt
|Ut ∧ Ut|1/m =
∫
Yt
|(TDU)t ∧ (TDU)t|1/m
3
for any U ∈ H0(f−1(D), mKX) and t ∈ D, where U |Xt = Ut ∧ (df1 ∧ · · · ∧ dfr)⊗m and
(TDU)|Yt = (TDU)t ∧ (dg1 ∧ · · · ∧ dgr)⊗m for some fixed coordinate (t1, · · · , tr) ⊂ D around t
and fi = ti ◦ f, gi = ti ◦ g. The equation (1.2) includes that case +∞ = +∞.
Then we have that T induces linear isometries Tt : A(Xt, mKXt) → A(Yt, mKYt), n = l,
and there exists a unique biholomorphic map F : X → Y such that f = g ◦ F and the
following equation is satisfied
|u(z) ∧ u(z)|1/m = |F ⋆t (Ttu)(z) ∧ F ⋆t (Ttu)(z)|1/m
for t ∈ D, z ∈ Xt, and u ∈ A(Xt, mKXt), where Ft := F |Xt : Xt → Yt is a well-defined
biholomorphic map.
Theorem 1.3 and 1.4 say that the L2/m-norms on direct images of pluricanonical bundles
determine holomorphic structures of fibrations. The so-called m-th Narasimhan-Simha Her-
mitian metric on direct images of relative pluricanonical bundles has been studied by several
people (cf. [BP08], [HPS18], [PT18]). The above theorems also demonstrate the importance
of the m-th pseudonorms on them.
For bounded domains in Cn, we obtain the following corollary.
Corollary 1.5. Let X ⋐ Crt × Cnz and Y ⋐ Crt × Clw be bounded pseudoconvex domains
fibered over the open unit ball B ⊂ Cr. We also let f : X → Cr and g : Y → Cr be natural
projections such that f(t, z) = t and g(s, w) = s with f(X) = g(Y ) = B. Assume that there
exists 0 < p < 2 such that
(i) Xt := f
−1(t) and Yt := g
−1(t) are hyperconvex domains for each t ∈ B,
(ii) there exists a linear isomorphism
T : Ap(X) −→ Ap(Y )
with ∫
Xt
|Φ|Xt |pdµn =
∫
Yt
|(TΦ)|Yt|pdµl
for any Φ ∈ Ap(X) and t ∈ B, where dµn and dµl are the standard Lebesgue measures on Cn
and Cl, respectively. Then we have that T induces linear isometries Tt : A
p(Xt) → Ap(Yt),
n = l, and there exists a unique biholomorphic map F : X → Y such that f = g ◦ F and the
following equation is satisfied
|φ(z)| = |Ttφ(Ft(z))||JFt(z)|2/p
for t ∈ B, z ∈ Xt, and φ ∈ Ap(Xt), where Ft := F |Xt : Xt → Yt is a well-defined biholomor-
phic map and JFt is the holomorphic Jacobian of Ft.
Theorem 1.3 holds only for p = 2/m, whereas we can prove Corollary 1.5 for all 0 < p < 2
by using the same argument of the proof of Theorem 1.3. Corollary 1.5 is a relative version
of Theorem 1.2 in [DWZZ19]. In Theorem 1.3, 1.4, and Corollary 1.5, we do not assume the
hyperconvexity of X , whereas we can construct the biholomorphic map between total spaces.
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This is an important and new point. A key proposition to prove the main theorems is an
L2/m-variant of the Ohsawa-Takegoshi extension theorem.
On the other hand, we can prove Corollary 1.5 without using the L2/m-variant of the
Ohsawa-Takegoshi extension theorem. We will show the proof in Appendix 5.
The organization of this paper is as follows. In Section 2, we introduce some definitions
and properties of L2/m-norms and m-th Bergman kernels. In Section 3, we give a proof
of Theorem 1.1. In Section 4, we prove Theorem 1.3, 1.4, and Corollary 1.5. At last, in
Appendix 5, we show a simple proof of Corollary 1.5.
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2. Preliminaries
2.1. L2/m-norm. We prepare some basic definitions and properties to show the main theo-
rem. Throughout this section, we denote by X an n-dimensional complex manifold, and by
KX the canonical line bundle over X .
Firstly, we confirm the following notation.
Definition 2.1 (L2/m-norm). We take a local coordinate {U, (z1, · · · , zn)} on X . For a
holomorphic section u ∈ H0(X,mKX), we locally define (
√−1mn2u ∧ u)1/m as
(
√−1mn
2
u ∧ u)1/m = |fU |2/m
√−1n
2
(dz1 ∧ · · · ∧ dzn) ∧ (dz1 ∧ · · · ∧ dzn),
where u = fU(z1, · · · , zn)(dz1 ∧ · · · ∧ dzn)⊗m on U . We can verify that (
√−1mn2u ∧ u)1/m
gives a globally defined real non-negative (n, n)-form. For simplicity, we define |u ∧ u|1/m :=
(
√−1mn2u ∧ u)1/m. Then, we can define the L2/m-norm ‖ · ‖X,m of u as
‖u‖X,m =
∫
X
|u ∧ u|1/m.
For m > 2, ‖ · ‖X,m become only pseudonorms, i.e. they satisfy the norm axioms except
the homogeneity. However, we call them L2/m-norms for all m ∈ N.
We remark that the space A(X,mKX) might be {0} even though X is a Stein manifold.
Hence, in this paper, we mainly consider the space A(X,mKX) over a relatively compact Stein
domain in Stein manifold. If X is a relatively compact Stein domain in some Stein manifold
X˜, A(X,mKX) is an infinite-dimensional vector space and has the separation property since
H(X˜,mKX˜)|X ⊂ A(X,mKX) and X˜ is Stein. Here the separation property means that for
any points x 6= y ∈ X , there exist sections σ1, σ2 ∈ A(X,mKX) such that σ1(x) = 0, σ1(y) 6=
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0, σ2(x) 6= 0, σ2(y) = 0. We also know that A(X,mKX) are complete separable metric space
with respect to the metric d(u1, u2) := ‖u1 − u2‖X,m for m ≥ 2.
A fundamental lemma to prove the main theorems is the following result about isometries
between Lp-spaces.
Theorem 2.2. ([Rud76]) Let µ and ν be finite positive measures on two sets U and V . We
also let p ∈ R>0 be not even, and N be a positive integer. If {fi}1≤i≤N ⊂ Lp(U, µ), {gi}1≤i≤N ∈
Lp(V, ν) satisfy ∫
U
|1 +
∑
1≤i≤N
αifi|pdµ =
∫
V
|1 +
∑
1≤i≤N
αigi|pdν
for all (α1, · · · , αN) ∈ CN , then (f1, · · · , fN) and (g1, · · · , gN) are called equimeasurable, i.e.
for every real-valued non-negative Borel function u : CN → R≥0, we get∫
U
u(f1, · · · , fN)dµ =
∫
V
u(g1, · · · , gN)dν.
Moreover, let I : X → CN and J : Y → CN be the maps I = (f1, · · · , fN) and J =
(g1, · · · , gN). Then we obtain
µ(I−1(E)) = ν(J−1(E))
for every Borel set E ⊂ CN .
This theorem implies the next lemma, which is necessary for us to prove the main theorems.
This is a version of Lemma 2.1 in [Mar03], and of Lemma 2.2 in [DWZZ19].
Lemma 2.3. Let X and Y be two relatively compact domains in an n-dimensional Stein
manifold X˜ and an l-dimensional Stein manifold Y˜ , respectively. Suppose that {uk}Nk=0 ⊂
A(X,mKX), {vk}Nk=0 ⊂ A(Y,mKY ) are pluricanonical sections such that for every N-tuple
of complex numbers {αk}Nk=1, we have∫
X
|(u0 +
∑
1≤k≤N
αkuk) ∧ (u0 +
∑
1≤k≤N
αkuk)|1/m
=
∫
Y
|(v0 +
∑
1≤k≤N
αkvk) ∧ (v0 +
∑
1≤k≤N
αkvk)|1/m.
If neither u0 nor v0 is constantly zero, then for every real-valued non-negative Borel function
f : CN → R≥0, we have∫
X
f
(
u1
u0
, · · · , uN
u0
)
|u0 ∧ u0|1/m =
∫
Y
f
(
v1
v0
, · · · , vN
v0
)
|v0 ∧ v0|1/m.
Here we regard uk/u0 and vk/v0 as a function on X and Y , respectively.
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Proof. Set dµ = |u0∧u0|1/m and dν = |v0∧v0|1/m. The measures µ and ν are well-defined
on X and Y , respectively. Then we have that uk/u0 ∈ L2/m(X, dµ) and vk/v0 ∈ L2/m(Y, dν),
respectively. From the assumption, we have that∫
X
|1 +
∑
1≤k≤N
αk
uk
u0
|2/mdµ =
∫
Y
|1 +
∑
1≤k≤N
αk
vk
v0
|2/mdν
for every N -tuple of complex numbers {αk}Nk=1. Therefore Lemma 2.3 follows from Theorem
2.2. 
We introduce the following result obtained by Deng, Wang, Zhang, and Zhou. This is a
fundamental result and the absolute version of Corollary 1.5.
Theorem 2.4. ([DWZZ19, Theorem 1.2]) Let Ω1 ⊂ Cn and Ω2 ⊂ Cm be bounded hyper-
convex domains. If there is a linear isometry T : Ap(Ω1)→ Ap(Ω2) for some 0 < p < 2, then
n = m and there exists a unique biholomorphic map F : Ω1 → Ω2 such that
|Tφ ◦ F ||JF |2/p = |φ|
for all φ ∈ Ap(Ω1), where JF is the holomorphic Jacobian of F .
2.2. m-th Bergman kernel. In this subsection, we let X˜ denote an n-dimensional Stein
manifold, and X denote a relatively compact Stein domain in X˜ . Firstly, we introduce the
definition of the m-th Bergman kernel KX,m and the exhaustivity of it.
Definition 2.5 (m-th Bergman kernel). We set
KX,m(z) := sup{|u ∧ u|1/m(z) | u ∈ A(X,mKX),
∫
X
|u ∧ u|1/m ≤ 1},
for each point z ∈ X .
We also say that KX,m is exhaustive if the following function
K ′X,m(z) := sup{|u ∧ u|1/m/dVX˜(z) | u ∈ A(X,mKX),
∫
X
|u ∧ u|1/m ≤ 1}
is exhaustive on X for a volume form dVX˜ on X˜ .
Remark 2.6. The function K ′X,m depends on the choice of volume forms on X˜. However,
the exhaustivity of KX,m is independent of them.
Since X˜ is Stein, we can take a volume form dVX˜ (= smooth Hermitian metric on −KX˜)
with curvature positive onX . Taking this metric, we have thatK ′X,m is a continuous plurisub-
harmonic function on X (cf. [DWZZ18, Lemma 6.2 and 6.3], [HPS18, Proposition 28.3],
[PT18]). Hence, the exhaustivity of KX,m implies the pseudoconvexity of X .
On the other hand, if X˜ = Cn and X is a bounded domain in Cn, it is known that the
pseudoconvexity of Ω implies the exhaustivity of KΩ,m for m ≥ 2.
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Theorem 2.7. ([NZZ16, Theorem 2.7]) Let Ω ⋐ Cn be any bounded domain. Then Ω is
pseudoconvex if and only if KΩ,p is an exhaustion function for p ∈ (0, 2).
We also prove that KX,m is exhaustive when X˜ is a Stein manifold and X ⋐ X˜ is a
relatively compact hyperconvex domain. To prove this theorem, we prepare the following
results. The first one is a localization principle. This is obtained by Ohsawa for bounded
pseudoconvex domains in Cn [Oh84]. A more general result appears in [Oh15]. We can prove
this principle by using Ho¨rmander’s L2-estimate.
Lemma 2.8. In the above setting, we let a ∈ ∂X be a boundary point. Then there exists
an open neighborhood U0 of a such that for any two open neighborhoods V ⋐ U ⊂ U0 of a,
there is a positive constant C such that
KU∩X(x) ≤ CKX(x)
for any x ∈ V ∩X. Here KU∩X and KX are Bergman kernels of U ∩X and X, respectively,
and C is independent of x.
proof of lemma 2.8. We fix a Ka¨hler form ω˜ on X˜ , and set ω := ω˜|X . Since X˜ is a
Stein manifold, we can take global holomorphic functions (g1, . . . , gn) ∈ O(X˜)n and an open
neighborhood U0 of a such that (g1, . . . , gn) defines a biholomorphic coordinate map on U0.
We will modify the norms of gi such that
sup
X
|gi| ≤ 1
2
√
n
for 1 ≤ i ≤ n. We also take a smooth strictly plurisubharmonic function ψ on X˜ such that
ψ < 0 and √−1∂∂¯ψ ≥ ω
on X . Then φ(z) := (n + 1) log(|g1(z)− g1(x)|2 + · · · |gn(z)− gn(x)|2) + ψ(z) satisfies φ < 0
and √−1∂∂¯φ ≥ ω
on X .
Suppose that V and U are open neighborhoods of a with V ⋐ U ⊂ U0. Let x ∈ V ∩ X
be any point. We take a cut-off function χ ∈ C∞c (U) which satisfies 0 ≤ χ ≤ 1 and
χ = 1 on a neighborhood of V . We have a holomorphic (n, 0)-form f on U ∩ X such that
|f ∧ f |(x) = KU∩X(x) and ∫
U∩X
|f ∧ f | = 1.
We define an (n, 1)-form α := ∂(χf) on X . We get∫
X
|α|2ωe−φdVω < +∞.
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Thanks to Ho¨rmander’s L2-estimate (cf. [Dem]), we can obtain a solution u satisfying ∂u = α
and ∫
X
|u ∧ u|e−φ ≤
∫
X
|α|2ωe−φdVω.
Let β := χf − u. Then β is a holomorphic (n, 0)-form on X , |β ∧ β|(x) = |f ∧ f |(x), and(∫
X
|β ∧ β|
)1/2
≤ 1 +
(∫
X
|u ∧ u|2e−φ
)1/2
≤ 1 +
(∫
supp|∂χ|
|α|2ωe−φdVω
)1/2
< C.
For the reason that
inf
z∈supp|∂χ|
inf
x∈V ∩X
(|g1(z)− g1(x)|2 + · · · |gn(z)− gn(x)|2) > 0,
the above constant C is independent of x. Therefore, we have
KU∩X(x) ≤ C
2|β ∧ β|(x)∫
X
|β ∧ β| ,
which completes the proof.

The second one is the exhaustivity of the Bergman kernel of bounded hyperconvex domains.
This result was obtained by Ohsawa.
Theorem 2.9. ([Oh93]) Let D be a bounded hyperconvex domain in Cn. Then limz→∂DKD(z) =
+∞.
Combining the above results, we can prove the following theorem.
Theorem 2.10. In the above setting, we have that limz→∂X KX,m(z) = +∞, that is, the
m-th Bergman kernel is exhaustive.
proof of theorem 2.10. For any point a ∈ ∂X , we take an open neighborhood U0 and
two open hyperconvex neighborhoods V ⋐ U ⊂ U0 of a which satisfy the condition of Lemma
2.8. We have KU∩X(z) ≤ CKX(z) for z ∈ V ∩X and some positive constant C > 0. Then
Theorem 2.9 implies that limz→aKX(z) = +∞. We also obtain KX(z) ≤ KX,m(z) since for
any holomorphic (n, 0)-form u ∈ A(X,KX), u⊗m ∈ A(X,mKX) and
|u⊗m ∧ u⊗m|1/m = |u ∧ u|.
Hence, we obtain the conclusion.

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3. Proof of Theorem 1.1
In this section, we prove Theorem 1.1. The main argument of the proof of this theorem is
almost the same as the proof of Theorem 1.2 in [DWZZ19]. Before proving Theorem 1.1, we
provide basic settings and some lemmas.
We set HX,z := {u ∈ A(X,mKX) | u(z) = 0} be a hyperplane in A(X,mKX). First, we
define a subset X ′ of X as follows. We say that z ∈ X ′ if and only if there exists w ∈ Y
such that T (HX,z) = HY,w. The separation property of A(X,mKX) implies that there exists
a unique w ∈ Y such that the equation T (HX,z) = HY,w holds. Therefore, we can define a
map F : X ′ → Y by setting F (z) = w if T (HX,z) = HY,w. Set Y ′ := F (X ′). Then F is a
bijection from X ′ to Y ′. Here we take a countable dense subset {u0, u1, · · · } of A(X,mKX)
with u0 6= 0. Then {v0 := Tu0, v1 := Tv1, · · · } is a countable dense subset of A(Y,mKY ).
We define maps IN , JN , I∞, and J∞ as follows.
IN : X −→ CN
∈ ∈
z 7−→
(
u1(z)
u0(z)
, · · · , uN (z)
u0(z)
)
JN : Y −→ CN
∈ ∈
w 7−→
(
v1(w)
v0(w)
, · · · , vN (w)
v0(w)
)
I∞ : X −→ C∞
∈ ∈
z 7−→
(
u1(z)
u0(z)
, u2(z)
u0(z)
, · · ·
)
J∞ : Y −→ C∞
∈ ∈
w 7−→
(
v1(w)
v0(w)
, v2(w)
v0(w)
, · · ·
)
.
The maps are well-defined on X \u−10 (0) and Y \ v−10 (0), respectively. We also obtain that
X ′ \ u−10 (0) = ∩NI−1N JN(Y \ v−10 (0)) = I−1∞ J∞(Y \ v−10 (0)) and Y ′ \ v−10 (0) = ∩NJ−1N IN(X \
u−10 (0)) = J
−1
∞ I∞(X \u−10 (0)). The separation property of A(X,mKX) and A(Y,mKY ) imply
that I∞ and J∞ are injective. For z ∈ I−1∞ J∞(Y \ v−10 (0)), we get F (z) = J−1∞ (I∞(z)).
Lemma 2.3 implies the following lemma.
Lemma 3.1. (cf. [DWZZ19, Lemma 2.4]) A measure of X \X ′ and Y \ Y ′ are zero with
respect to any smooth positive volume form on X and Y , respectively.
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We fix smooth positive volume forms on X˜ and Y˜ . Let V ⊂ Y \ v−10 (0) be a local open
coordinate such that V ∩(Y ′\v−10 (0)) has positive measure in Y . Since Y˜ is a Stein manifold,
there exist global holomorphic functions {gj}lj=1 ⊂ on Y such that (w1 := g1|V , · · · , wl :=
gl|V ) defines a coordinate function. We choose u0, u1, · · · ⊂ A(X,mKX) such that Tu0 =
v0, Tu1 = g1v0, · · · , Tul = glvl. Then vj/v0 = gj for 1 ≤ j ≤ l. Set V ′ := V ∩ (Y ′ \
v−10 (0)), U
′ := F−1(V ′) ⊂ X ′ \ u−10 (0). Since V ′ = J−1∞ (I∞(U ′)) ⊂ J−1l (Il(U ′)), J−1l (Il(U ′))
also has positive measure in Y . Then Il(U
′) has positive measure in Cl for the reason that
Jl|V ′ is a biholomorphic coordinate function on V ′. Note that Il is a non-constant holomorphic
map on X \ u−10 (0), and Il(X \ v−10 (0)) also has positive measure in Cl. Then we have n ≥ l.
The same argument implies that l ≥ n. Hence, we get the following lemma.
Lemma 3.2. The dimensions of X and Y are equal, i.e. n = l.
We can also prove the following lemma.
Lemma 3.3. The sets X ′ and Y ′ are open in X and Y , respectively.
proof of lemma 3.3. We take points z0 ∈ X ′ and F (z0) =: w0 ∈ Y ′. We take a local
open coordinate V ⊂ Y around w0, global holomorphic functions (g1, · · · , gn) on Y which
define a local coordinate on V , and v0 ∈ A(Y,mKY ) such that v0 6= 0 on V . We choose
a countable dense set u0, u1, · · · ⊂ A(X,mKX) such that Tu0 = v0, Tu1 = g1v0, · · · , Tun =
gnvn. Since In : X\u−10 (0)→ Cn is holomorphic, I−1n (Jn(V )) =: U is an open set in X\u−10 (0)
around z0.
Set U ′ := U ∩X ′. It follows that
F = J−1∞ ◦ I∞ = J−1n ◦ In
on U ′. Therefore, we have
(3.1)
u(z)
u0(z)
=
Tu(J−1n ◦ In(z))
Tu0(J−1n ◦ In(z))
for all u ∈ A(X,mKX) and z ∈ U ′. Lemma 3.1 implies that U ′ is dense in U . By continuity
of J−1n ◦ In, the equation (3.1) holds on U . Then we get U ⊂ X ′. Since U is also open in X
and z0 ∈ U , we have X ′ is open in X . The same argument implies that Y ′ is open in Y . 
The above argument also implies that F is holomorphic on X ′, i.e. F is a biholomorphic
map from X ′ to Y ′.
Theorem 2.2 and Lemma 2.3 imply the following result.
Lemma 3.4. (cf. [DWZZ19, Lemma 2.7]) For any z ∈ X ′ and u ∈ A(X,mKX), we have
|u(z) ∧ u(z)|1/m = |F ⋆(Tu)(z) ∧ F ⋆(Tu)(z)|1/m
We will show that the biholomorhic map F : X ′ → Y ′ can be extended to a biholomorphic
map from X to Y . Before proving it, we give the following result.
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Lemma 3.5. Let S := X \X ′. Then S is a closed pluripolar set, i.e. for any point a ∈ S,
there exist an open neighborhood U of a and a plurisubharmonic function ρ on U such that
S ∩ U ⊂ ρ−1(−∞).
proof of lemma 3.5. We take any convergent sequence {aj} ⊂ X \ S → a ∈ S. Since
Y is relatively compact, by passing to a subsequence, we can assume that there is b ∈ Y such
that F (aj)→ b. If b ∈ Y , we have a ∈ X ′ from equation 3.1 or the definition of F . Therefore
b ∈ ∂Y .
We take open coordinates U ⋐ U˜ = (z1, · · · , zn) ⊂ X˜ around a and V ⋐ V˜ = (w1, · · · , wn) ⊂
Y˜ around b. In this local setting, the equation of Lemma 3.4 gives us the following expression
|gu(z)| = |hTu(F (z))|
∣∣∣∣∂(F1, · · · , Fn)∂(z1, · · · , zn) (z)
∣∣∣∣m
for z ∈ X ′ and any u ∈ A(X,mKX). Here Fj = wj ◦F , u = gu(dz1 ∧ · · · ∧ dzn)⊗m, and Tu =
hTu(dw1 ∧ · · · ∧ dwn)⊗m. The exhaustivity of KY,m implies that KY,m(F (aj)) → +∞. The
choices of coordinates imply that boundary behaviors of KX,m/(
√−1dz1∧dz1∧· · ·
√−1dzn∧
dzn) and KY,m/(
√−1dw1∧dw1∧· · ·
√−1dwn∧dwn) coincide with K ′X,m and K ′Y,m on U ∩X
and V ∩ Y , respectively. Then, for each j, we have vj ∈ A(Y,mKY ) such that ‖vj‖Y,m = 1
and |hvj (F (aj))| → +∞ as j → +∞, where vj = hvj (dw1 ∧ · · · ∧ dwn)⊗m. Set uj := T−1(vj).
Then we have
|guj(aj)| = |hvj (F (aj))|
∣∣∣∣∂(F1, · · · , Fn)∂(z1, · · · , zn) (aj)
∣∣∣∣m ,
and ‖uj‖X,m = 1. Since KX,m is locally bounded on X , the left-hand side has an upper
bound. Then it follows that ∣∣∣∣∂(F1, · · · , Fn)∂(z1, · · · , zn) (aj)
∣∣∣∣→ 0.
We define a function ρ : U → R ∪ {−∞} as
ρ(z) =

log
∣∣∣∂(F1,··· ,Fn)∂(z1,··· ,zn) (z)
∣∣∣ (z ∈ U \ S)
−∞ (z ∈ U ∩ S).
This function satisfies the mean-value inequality. The above argument ensures that ρ is
upper semi-continuous on U for the following reason. If lim supz→a |ρ(z)| > −∞ for some
point a ∈ S, passing to a subsequence, we have that KX,m(z) → +∞ as z → a, which is
a contradiction. Hence, ρ is a plurisubharmonic function on U . By definition, we see that
S ∩ U ⊂ ρ−1(−∞).

By using the following fact, we can prove Theorem 1.1.
Theorem 3.6. (cf. [Dem, Theorem 5.24, Corollary 5.25]) Let A ⊂ X be a closed pluripolar
set in a complex analytic manifold X. Then
(i) every plurisubharmonic function v on X \A that is locally bounded above near A extends
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uniquely into a function v˜ on X, and
(ii) every holomorphic function f on X \ A that is locally bounded near A extends to a
holomorphic function on X.
proof of theorem 1.1. Taking a local coordinate or embedding Y into the complex
Euclidean space, we can regard F as a bounded function. Since S is a closed pluripolar set,
there exists a holomorphic function F˜ on X such that F˜ |X\S = F . We also denote by F this
extension. The hyperconvexity of Y implies the existence of a negative plurisubharmonic
function ϕ on Y such that {w ∈ Y | ϕ(w) < c} is relatively compact for any c < 0. Then
ϕ˜ := ϕ ◦ F is also negative plurisubharmonic function on X \ S, and can be extended to a
plurisubharmonic function on X by Theorem 3.6. Hence, ϕ˜ attains its maximum on S for
the reason that F (S) ⊂ Y \ Y . By the maximum principle, ϕ must be a constant function,
which is a contradiction. Then S = ∅.
By applying the same method to Y , we obtain Y \ Y ′ = ∅. Consequently, F is globally
defined on X and a biholomorphic map from X to Y . 
We can also prove the uniqueness of F . The equation
|u(z) ∧ u(z)|1/m = |F ⋆(Tu)(z) ∧ F ⋆(Tu)(z)|1/m
for any u ∈ A(X,mKX) implies that the condition u(z) = 0 is equivalent to Tu(F (z)) = 0.
Namely, F is uniquely determined by T as T (HX,z) = HY,F (z).
4. Proof of Theorem 1.3
In this section, we prove Theorem 1.3 and 1.4. A key ingredient to prove them is the
following L2/m-variant of the Ohsawa-Takegoshi extension theorem.
Theorem 4.1. (cf. [BP10], [GZ15], [HPS18], [PT18]) Let X, B, f , and the notations be
as in Theorem 1.3. Then for any t ∈ B and u ∈ A(Xt, mKXt), there exists an extension
U ∈ A(X,mKX) such that U |Xt = u ∧ (df1 ∧ · · · ∧ dfr)⊗m and∫
X
|U ∧ U |1/m ≤ C
∫
Xt
|u ∧ u|1/m,
for positive constant C > 0 which is independent of t, u, and U .
Lemma 4.2. The linear isomorphism T in Theorem 1.3 induces fiberwise linear isometries
{Tt}t∈B, i.e.
Tt : A(Xt, mKXt) −→ A(Yt, mKYt)
is a linear isomorphism and ∫
Xt
|u ∧ u|1/m =
∫
Yt
|Ttu ∧ Ttu|1/m
for all t ∈ B and u ∈ A(Xt, mKXt).
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proof of lemma 4.2. We define the well-defined maps {Tt}t∈B. Let u ∈ A(Xt, mKXt).
We can take an extension U ∈ A(X,mKX) such that U |Xt = u⊗ (df1 ∧ · · · ∧ dfr)⊗m and∫
X
|U ∧ U |1/m ≤ C
∫
Xt
|u ∧ u|1/m
for some positive constant C > 0 from Theorem 4.1. Then we define Tt(u) := (TU)t, where
(TU)t ∈ A(Yt, mKYt) and (TU)|Yt = (TU)t⊗ (df1∧· · ·∧dfr)⊗m. We have to show that Tt are
well-defined. If U1, U2 ∈ A(X,mKX) are both extensions of u satisfying the above properties,
(U1 − U2)t = 0 and ∫
Xt
|(U1 − U2)t ∧ (U1 − U2)t|1/m
=
∫
Yt
|(TU1 − TU2)t ∧ (TU1 − TU2)t|1/m
=0.
Therefore we get (TU1)t = (TU2)t.
We also have ∫
Xt
|u ∧ u|1/m =
∫
Xt
|Ut ∧ Ut|1/m
=
∫
Yt
|(TU)t ∧ (TU)t|1/m
=
∫
Yt
|Tt(u) ∧ Tt(u)|1/m.
Similarly, we can prove that Tt is surjective. Hence, Tt : A(Xt, mKXt) → A(Yt, mKXt) is a
linear isometry. 
proof of Theorem 1.3. We can construct biholomorphic maps {Ft : Xt → Yt}t∈B in-
duced by linear isometries {Tt}t∈B by Theorem 1.1. Hence, we get n = l. Then we will make
a global holomorphic map F from X to Y . We define a map F as follows:
X
F−→ Y
∈ ∈
z 7−→ Ff(z)(z).
We know that Ft(z) is holomorphic in the fiber directions for each fixed t. It is sufficient to
show that the map F is holomorphic in all the directions.
We take a countable dense subset {U0, U1, · · · } ⊂ A(X,mKX). Then {V0 := TU0, V1 :=
TU1, · · · } is a countable dense subset of A(Y,mKY ). We remark that Theorem 4.1 ensures
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that A(X,mKX) is infinite-dimensional. We define maps I∞, J∞ as follows:
I∞ : X \ U−10 (0) −→ C∞
∈ ∈
z 7−→ (f(z), (U1(z)
U0(z)
, U2(z)
U0(z)
, · · · ))
J∞ : Y \ V −10 (0) −→ C∞
∈ ∈
w 7−→ (g(w), (V1(w)
V0(w)
, V2(w)
V0(w)
, · · · )).
Next, we show that F = J−1∞ ◦ I∞ on I−1∞ ◦ J∞(Y \ V −10 (0)). A separation property of
A(Xt, mKXt) and A(Yt, mKYt) implies that I∞ and J∞ are injective maps. For any u ∈
A(Xt, mKXt), we get an extension U ∈ A(X,mKX) of u such that Ut = u. Since {Uj}
(resp. {TUj}) is a dense subset of A(X,mKX) (resp. A(Y,mKY )), we can take a sequence
{Ujk} ⊂ {Uj} such that ‖Ujk−U‖X,m → 0 and ‖TUjk−TU‖Y,m → 0 as k → +∞. Therefore,
we have that Ujk (resp. TUjk) converges compactly to U (resp. TU) on X (resp. Y ). Since
all compact sets of Xt (resp. Yt) are compact in X (resp. Y ), (Ujk)t (resp. (TUjk)t) also
converges compactly to u (resp. Ttu) on Xt (resp. Yt). Here, we remark that we do not know
whether (Ujk)t ∈ A(Xt, mKXt) (resp. (TUjk)t ∈ A(Yt, mKYt)).
For any point z ∈ I−1∞ ◦ J∞(Y \ V −10 (0)), there exists a unique point w ∈ Y \ V −10 (0) such
that
(f(z), (
U1(z)
U0(z)
,
U2(z)
U0(z)
, · · · )) = (g(w), (V1(w)
V0(w)
,
V2(w)
V0(w)
, · · · )).
Therefore, f(z) = g(w) and
Uj(z)
U0(z)
=
Vj(w)
V0(w)
for all j ∈ N. Set t := f(z) = g(w). The above argument implies that for any u ∈
A(Xt, mKXt), we have
u(z)
(U0)t(z)
=
Ttu(w)
(V0)t(w)
.
We have that u(z) = 0 if and only if Ttu(w) = 0. Hence, this w satisfies the following
equations
HYt,w = Tt(HXt,z)
and Ft(z) = w. Consequently, we obtain that
J−1∞ (I∞(z)) = Ff(z)(z) = F (z)
for any z ∈ I−1∞ ◦ J∞(Y \ V −10 (0)).
Next, we will show that X \ U−10 (0) = I−1∞ ◦ J∞(Y \ V −10 (0)). Since J−1∞ ◦ I∞|Xt = Ft,
I−1∞ ◦ J∞(Y \V −10 (0))∩Xt = X ′t \ (U0)−1t (0). From the arguments in Section 3, X ′t is actually
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Xt. Therefore, it follows that
I−1∞ ◦ J∞(Y \ V −10 (0)) = X \ U−10 (0).
Finally, we also show that the map F = J−1∞ ◦I∞ is holomorphic onX\U−10 (0). It is enough
to show that F is holomorphic around any point z ∈ X \U−10 (0) locally. We let w := F (z) =
J−1∞ ◦I∞(z). Since g = (g1, · · · , gr) defines a submersive map, we can take global holomorphic
functions (g1, · · · , gr, ηr+1, · · · , ηr+n) ∈ O(Y )n+r which define a coordinate around w. By
taking Vj = ηj+rV0 and Uj = T
−1(Vj) for j ∈ {1, 2, · · · , n}, we obtain that
F (z) = (f1(z), · · · , fr(z), (U1(z)
U0(z)
, · · · , Un(z)
U0(z)
))
locally. Choosing U0 arbitrarily, we conclude that F is holomorphic on X . Then F : X → Y
is a biholomorphic map and satisfies f = g ◦ F .
By the construction of F , we also have that F |Xt = Ft. Hence, we get
|u(z) ∧ u(z)|1/m = |F ⋆t (Ttu)(z) ∧ F ⋆t (Ttu)(z)|1/m
for t ∈ B, z ∈ Xt, and u ∈ A(X,mKX). 
Gluing the above local result, we can prove Theorem 1.4.
proof of Theorem 1.4. Since f and g are relatively compact Stein morphisms, for each
point t ∈ T , we can take an open neighborhood D of t such that f−1(D) and g−1(D) are
Stein. Then there exists a linear isomorphism TD : H
0(f−1(D), mKX)→ H0(g−1(D), mKY )
which preserves the L2/m-norm on each fiber. By Fubini’s theorem, we see that TD induces
a linear isomorphism
TD : A(f
−1(D), mKX)→ A(g−1(D), mKY ).
Then f−1(D) and g−1(D) satisfy the assumptions of Theorem 1.3. Hence, n = l. We can
also construct the unique biholomorphism FD : f
−1(D) → g−1(D) satisfying the conditions
of Theorem 1.3.
Then we define a global biholomorphic map F : X → Y as
F (z) = FD(z)
for some open neighborhood D around f(z) =: t. The map F is independent of the choice
of D for the following reason. Let D1 and D2 be two open neighborhoods such that t ∈
D1 ∩ D2. Repeating the proof of Lemma 4.2, we have that T(D1)t = T(D2)t since TD1 and
TD2 commute with the restriction maps of sheaves. Therefore, fiberwise linear isometries
Tt : A(Xt, mKXt) → A(Yt, mKYt) are uniquely induced by T . Then FD1|Xt and FD2|Xt are
uniquely determined by Tt. In other words, from the results of Theorem 1.3, FD1 and FD2
satisfy the following equations
|u(z) ∧ u(z)|1/m = |F ⋆(D1)t(Ttu)(z) ∧ F ⋆(D1)t(Ttu)(z)|1/m
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|u(z) ∧ u(z)|1/m = |F ⋆(D2)t(Ttu)(z) ∧ F ⋆(D2)t(Ttu)(z)|1/m
for z ∈ Xt and u ∈ A(Xt, mKXt). Hence,
FD1(z) = F(D1)t(z) = F(D2)t(z) = FD2(z).
Then F gives the biholomorphism F : X → Y which satisfies the condition of Theorem
1.4. 
5. Appendix
We introduce the direct proof of Corollary 1.5. We do not need explicitly the L2/m-variant
of the Ohsawa-Takegoshi extension theorem.
proof of Corollary 1.5. We obtain fiberwise linear isometries Tt : A
p(Xt) → Ap(Yt)
and biholomorphic maps Ft : Xt → Yt for each t ∈ B (cf. Lemma 4.2). Hence, we get n = l.
Since Y is a domain in Cr+n, we take a global coordinate (t1, · · · , tr, w1, · · · , wn) on Y . We
can assume that g : Y → B is defined as
g(t1, · · · , tr, w1, · · · , wn) = (t1, · · · , tr)
without any loss of generality. Then (w1, · · · , wn) gives a global coordinate function on each
Yt. Let φ0 = T
−1
t (1), φ1 = T
−1
t (w1), · · · , φn = T−1t (wn) in Ap(Xt). The results of [DWZZ19]
(cf. Theorem 2.4) imply that the expression of Ft is given by
Ft = J
−1
∞ ◦ I∞ = J−1n ◦ In = (
φ1
φ0
, · · · , φn
φ0
)
globally on Xt.
In this setting, we let Ψ0 = 1,Ψ1 = wj, · · · ,Ψn = wn in Ap(Y ), and define Φ0 =
T−1(Ψ0),Φ1 = T
−1(Ψ1), · · · ,Φn = T−1(Ψn) in Ap(X). By the definition of Tt, we have
Φ0|Xt = T−1t ((TΦ0)|Yt) = T−1t (1), Φj |Xt = T−1t ((TΦj)|Yt) = T−1t (wj).
Letting
F := (
Φ1
Φ0
, · · · , Φn
Φ0
),
we see that F is a well-defined holomorphic map and F |Xt = Ft. Hence, F is a biholomorphic
map from X to Y and gives the condition of Corollary 1.5. 
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